Abstract. A formulation of U (1) -symmetric classical membrane motions (preserving one rotational symmetry) is given, and reductions to systems of ODE's, as well as some ideas concerning singularities and integrability.
Let me start by giving some particular example(s) of a 2-dimensonal (timelike, time periodic) extremal manifold M 2 ⊂ R 1,2 and 3-folds (singularities included) of vanishing mean curvature, in 4-dimensional Minkowski space ( [1] , [2] ): 
3 := {(x µ ) ∈ R 1,3 | P(x)P(y)P(t) = P(z) },
M (s)
3 := {(x µ ) ∈ R 1,3 | P(x)P(y)P(z) = P(t)},
where P : R → R ≥1 is a (2ω real periodic) elliptic Weierstrass function satisfying P ′2 = 4P(P 2 − 1), P(ω) = 1.
3 can be thought of as a (infinite assembly of) melting ice-block(s), as at t = 0 it covers the surface(s) of infinitely many cubes (each of size 2ω), packed together , for 0 < t < T = 2ω instantaneously separating into infinitely many melting (round/ed) ice piece(-surface)s, each of which shrinks to a point (t = T /2 = ω) and then growing again to become , at T = 2ω, the surface of infinitely many ice-cubes, stacked together. M 2 (with the x 2 + y 2 = 1 16 line of singularities included) gives the motion of a closed string of a fixed (heart-like) shape (with exactly one cuspsingularity, that arises when the radius r takes its minimum, r = 1 4 ), rotating with constant angular velocity (=4) around the origin [6] . Before discussing time-like extremal 3-manifolds with one rotational symmetry embedded in R 1,4 , consider for a moment the general (parametric) description of (M + 1)-dimensional extended manifolds M embedded in D-dimesional Minkowski-space: varying the volumefunctional
with respect to the embedding functions x µ (ϕ 0 , ..., ϕ M ), µ = 0, ..., D − 1, one obtains the parametic extremal volume equations,
where
, and also demanding
eq. (3) µ=0 becomes a conservation laẇ
while the remaining ones, (3) µ=i , become the evolution equations for a Mdimensional time-dependent surface Σ(t) moving in R D−1 ,
g rs respectively g are the inverse, respectively the determinant, of the Mdimensional metric on Σ(t), g rs , induced from R D−1 . In [3] , I also considered the equations¨
The folllowing calculations show that (8) and (4) consistently imply (5) and (6):
In order to deduce that (8) implies (6) one may equivalently show that ( in a parametrization which (8) and (4) hold) necessarily
multiplying by
Let us now restrict to the case of membranes (M = 2), as well as to Σ(t) being rotationally symmetric, of the form
Noting that (g rs ), hence also g, g rs , and ρ, will be independent of ϕ 2 , e(t, ϕ) := a u( 
to be supplemented by the two constraints (cp. (4)/(5))
Note that, when D = 5 (N = 2), and as long as˙ e and´ e are linear independent, these 2 conditions (14) and (15) actually imply (13), -which can be seen by comparing the 4 equations obtained from differentiating (14) and (15) with respect to t and ϕ with the scalar product of (13) with˙ e, respectively´ e. Also note that (14) and (15), which may be thought of as evolution equations of a string moving in the plane,˙ e = v n (with n being the unit normal to´ e and the magnitude of the normal velocity being 1 − e 2´ e 2 ), consistently reduce to a system of ODE's when making the Ansatz
where R(ωt) is given by
and the possible shapes f = r cos θ sin θ being determined by solving
in terms of elliptic integrals involving u = r 2 (φ := ϕ + ct), and
A more general approach to solving (14) and (15) results when writing e in polar form,
and the corresponding equations,ṙŕ + r 2ψψ = 0,
as
Eq. (13), on the other hand, is consistent with the Ansatz (cp. [4] for the N = 1 case)
yielding the system of ODE's
for f (s). For a = −1, eq. (21) follows from
While the system separates for general N , a particularly simple solution can be obtained for N = 2, for which
when using f T = r(s) (cos θ(s), sin θ(s)).
allows to eliminateθ,
and
to be constant, leading to the elliptic integral, also obtained by M. Trzetrzelewski
A light cone version of (13) with t(= x 0 ) → τ := (24) and (27) (with 8E = −3c), from (e 1 ) 2 = (x 1 ) 2 + (x 2 ) 2 and (e 2 ) 2 = (x 3 ) 2 + (x 4 ) 2 . Various other aspects, including the question of integrability of (14) and (15) are currently under investigation [5] .
